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Binary neutron star mergers are promising sources of gravitational waves for ground-based detectors such
as Advanced LIGO. Neutron-rich material ejected by these mergers may also be the main source of r-process
elements in the Universe, while radioactive decays in the ejecta can power bright electromagnetic post-merger
signals. Neutrino-matter interactions play a critical role in the evolution of the composition of the ejected
material, which significantly impacts the outcome of nucleosynthesis and the properties of the associated elec-
tromagnetic signal. In this work, we present a simulation of a binary neutron star merger using an improved
method for estimating the average neutrino energies in our energy-integrated neutrino transport scheme. These
energy estimates are obtained by evolving the neutrino number density in addition to the neutrino energy and
flux densities. We show that significant changes are observed in the composition of the polar ejecta when com-
paring our new results with earlier simulations in which the neutrino spectrum was assumed to be the same
everywhere in optically thin regions. In particular, we find that material ejected in the polar regions is less neu-
tron rich than previously estimated. Our new estimates of the composition of the polar ejecta make it more likely
that the color and timescale of the electromagnetic signal depend on the orientation of the binary with respect
to an observer’s line-of-sight. These results also indicate that important observable properties of neutron star
mergers are sensitive to the neutrino energy spectrum, and may need to be studied through simulations including
a more accurate, energy-dependent neutrino transport scheme.
PACS numbers: 04.25.dg, 04.40.Dg, 26.30.Hj, 98.70.-f
I. INTRODUCTION
The detection of gravitational waves from binary black hole
mergers by Advanced LIGO [1, 2] just opened a new window
through which to observe the universe. In the coming years,
Advanced LIGO [3] and its European and Japanese counter-
parts, Advanced VIRGO [4] and KAGRA [5], are expected
to detect neutron star-neutron star (NSNS) and neutron star-
black hole (NSBH) mergers [6]. Compact binary mergers in
the presence of at least one neutron star could put strong con-
straints on the equation of state of nuclear matter in the ex-
treme conditions reigning in the core of neutron stars [7–9].
They are also likely to be the progenitors of short gamma-
ray bursts [10–13], and are followed by bright radioactively
powered optical/infrared [14–18] and radio transients [19, 20]
which could provide us with useful information about the
merging objects and their environment. Finally, matter ejected
during a neutron star merger is a prime candidate for the so-far
unknown site of r-process nucleosynthesis, where many heavy
elements (e.g. gold, uranium) are produced [e.g. 21, 22].
Numerical simulations are a critical tool to understand the
gravitational wave and electromagnetic signals powered by
NSBH and NSNS mergers. Yet, the complexity of the phys-
ical processes playing an important role in these mergers
places significant limitations on the realism of existing sim-
ulations. General relativity, magnetohydrodynamics, neutrino
radiation, and nuclear physics all influence at least some im-
portant observables of these systems. Considering the high
computational cost of including each of these components,
simulations have generally focused on a subset of these phys-
ical processes, either by improving the microphysics with ap-
proximate treatments of gravity, or using full general relativ-
ity with much simpler physics (see [23–26] for reviews of
numerical simulations). Recent general relativistic simula-
tions have only begun to partially resolve the effects of mag-
netic fields [27–31], to include approximate treatments of the
neutrinos and better equations of state for dense matter [32–
38], or both (with sub-grid models for the growth of magnetic
fields) [39].
In this paper, we focus on the treatment of the neutrinos
and their impact on the post-merger properties of NSNS merg-
ers. Neutrinos are particularly important as the main source of
cooling in the post-merger remnant. They also play a critical
role in setting the relative number of neutrons and protons in
the remnant and in the material ejected from the system. The
composition of the fluid is needed to predict the properties
of optical/infrared transients powered by r-process nucleosyn-
thesis in material ejected by the merger [17, 40], as well as the
relative abundances of the r-process elements produced in the
ejecta [22, 41]. Finally, neutrinos can drive strong winds from
the post-merger remnant [34, 42–45].
Neutrinos were first included in general relativistic simu-
lations of neutron star mergers through a simple gray (i.e.
energy-integrated) leakage scheme [32], based on approxi-
mate methods developed for Newtonian simulations [46, 47].
A leakage scheme uses the local properties of the fluid and an
estimate of the neutrino optical depth to determine the amount
of energy lost locally to neutrino-matter interactions, and the
associated change in the composition of the fluid. Leak-
age schemes provide an order-of-magnitude accurate estimate
of neutrino cooling in the post-merger remnant, and have
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2thus been used to capture the first-order effect of neutrino-
matter interactions in general relativistic simulations of com-
pact binary mergers [32, 33, 36, 37, 39, 48, 49]. In most
implementations, they do not account for irradiation of low-
density regions by neutrinos emitted from hot, dense regions.
This potentially leads to large errors in the composition of
the outflows, mostly by underestimating the number of pro-
tons [45, 50]. Accordingly, the simplest leakage schemes
are very inaccurate when attempting to predict the properties
of post-merger electromagnetic signals. More complex leak-
age schemes have been developed to attempt to include neu-
trino absorptions in low-density regions, either by assuming
propagation of the neutrinos along the radial direction [37],
or through a more expensive global procedure (only used in
Newtonian physics so far) to estimate where neutrinos are
transported [51]. The latter scheme also includes a discretiza-
tion of the neutrinos in energy space.
The only general relativistic simulations going beyond neu-
trino leakage use a moment formalism with an analytic clo-
sure to approximate the Boltzmann equation [52, 53]. In
particular, neutron star merger simulations have been per-
formed with a gray M1 scheme [34, 38, 45, 50], in which
the energy density and flux density of each neutrino species
are evolved. In NSNS mergers, the use of this moment for-
malism showed that a wide range of compositions, and thus
of nucleosynthesis outcomes, exists in the material ejected
by the merger [22]. Comparisons with leakage schemes for
BHNS [50] and NSNS [45] mergers clearly show that irradi-
ation of the polar outflows by neutrinos emitted by the post-
merger remnant causes those outflows to be significantly less
neutron-rich than predicted by a leakage scheme which does
not account for neutrino absorption.
The gray M1 scheme is far from perfect. One obvious lim-
itation is the impact of the analytical closure, which causes
unphysical “shocks” in regions in which neutrinos converge.
This occurs in the polar regions of post-merger remnants,
putting into question the accuracy with which we can re-
cover the composition of the polar outflows in those systems.
Another limitation is the lack of information about the en-
ergy spectrum of the neutrinos, or even their average energy.
In [45, 50], for example, neutrinos in optically thick regions
are assumed to be in equilibrium with the fluid, which is rea-
sonable, but neutrinos in optically thin regions are assumed
to follow everywhere a blackbody spectrum with a tempera-
ture determined from the average properties of the neutrino
radiation predicted by the simpler leakage scheme. This ne-
glects potentially important spatial variations in the neutrino
spectrum, deviations from a blackbody spectrum, and the ef-
fects of relativistic beaming on the neutrino energies. These
approximations could easily affect our ability to predict the
composition of the ejected material, as many neutrino-matter
cross-sections scale as the square of the neutrino energy. Ad-
ditionally, the transport method used in [45, 50] does not guar-
antee conservation of the total lepton number.
Performing a full merger simulation with an energy-
dependent transport scheme, even in the relatively simple M1
approximation, is too costly with our current code. In this pa-
per, we take an alternative route to assess the impact of some
of the missing information about the neutrino energies. In ad-
dition to the neutrino energy density and flux density, we now
evolve the neutrino number density. This does not provide
us with any information about the shape of the neutrino spec-
trum, but does provide a local estimate of the average neutrino
energy, and accounts for relativistic beaming. By evolving the
neutrino number density, we can also guarantee conservation
of the total lepton number.
We consider in particular a low-mass neutron star merger
(1.2M − 1.2M) already studied with our previous M1 and
leakage schemes [45] (hereafter Paper I), to facilitate compar-
isons. We show that relativistic beaming, spatial variations in
the average neutrino spectrum, and an improved treatment of
the diffusion rate of the neutrino number density can play a
significant role in the composition of the ejected material and
of the post-merger remnant.
We organize the paper as follow. The numerical methods
and detail of the improved M1 scheme are provided in Ap-
pendix A. The physical system under consideration and initial
conditions are discussed in Sec. II. The impact of the neu-
trino scheme on the emitted neutrino radiation is presented in
Sec. III. Finally, we discuss consequences on the properties of
the ejected material and associated electromagnetic signal in
Sec. IV, and summarize our results in Sec. V.
II. NUMERICAL SETUP
We consider the merger of two neutron stars, each of grav-
itational mass MNS = 1.2M, which allows us to probe the
lower end of the expected mass distribution function of neu-
tron stars [54, 55]. As the main objective of this work is to
provide comparisons between different schemes for the treat-
ment of neutrinos in NSNS mergers, we consider the binary
system already evolved in Paper I with both a leakage scheme
and gray M1 transport. The neutron stars are initially non-
spinning, and on quasi-circular orbits (eccentricity e ∼ 0.01).
Matter within the neutron star is described by the Lattimer-
Swesty equation of state with nuclear incompressibility pa-
rameter K0 = 220 MeV (LS220 [56]). We use a publicly
available table for the LS220 equation of state [57, 58], which
provides the properties of matter as a function of density, tem-
perature, and composition. For the LS220 equation of state, a
1.2M neutron star has a radius of 12.8 km and a baryon mass
Mb = 1.309M. Such a radius falls towards the high end
of the radii deemed acceptable by existing astrophysical con-
straints [59]. Constraint-satisfying initial data is constructed
using the Spells code [60], as adapted to binary systems in
which matter is present [61, 62]. From the initial conditions,
the neutron stars undergo about 2.5 orbits before coming into
contact. For such a low mass system, the merger results in
the formation of a rapidly rotating, massive neutron star be-
low the maximum baryon mass allowed for uniform rotation
at zero temperature (M bmax = 2.83M) for the LS220 equa-
tion of state, as computed using the code of [63, 64].
We evolve the binary using the SpEC code [65], with the
same evolution methods as in Paper I: a pseudospectral grid
for the evolution of Einstein’s equation in the Generalized
3FIG. 1. 3D visualization of the system at the time of merger.
The color scale shows the temperature (in MeV), with denser re-
gions appearing more opaque. Visible regions have a density ρ >∼
1011 g/cm3. Cold tidal outflows and a small amount of hot shocked
material are ejected by the merger, while a stable, hot massive neu-
tron star forms.
FIG. 2. Same as Fig. 1, but for the remnant 10 ms after merger. The
hot core of the remnant and shocked tidal arms in the disk are clearly
visible.
Harmonic framework [66], and a finite volume grid for the
evolution of the general relativistic equations of hydrodynam-
ics, written in conservative form [67]. The neutrinos are
evolved on the same grid as the fluid. Before contact, we use
a uniform grid covering all regions of space in which mat-
ter is present. After contact, we use three levels of refinement,
with a grid spacing multiplied by a factor of two between each
level. As in Paper I, we use a grid spacing on the finite volume
grid of ∆xFV ∼ 250 m during inspiral and ∆xFV ∼ 300 m
after contact (for the finest level of refinement). Each level
has 2002 × 100 cells, taking advantage of the smaller extent
of the post-merger remnant in the vertical direction. We refer
the interested reader to Paper I and [50, 67, 68] for more de-
tail about our numerical methods. The main difference from
Paper I is the use of an upgraded M1 scheme, in which the
neutrino energies are determined from the evolution of the
neutrino number density (see Appendix A). This allows us to
study spatial variations in the average neutrino energies and
the impact of improved energy estimates (including, e.g., rel-
ativistic beaming and a better estimate of the diffusion rate of
the neutrino number density) on the properties of the material
unbound by the merger. In all neutrino schemes, we consider
3 species of neutrinos: the electron neutrinos νe, electron an-
tineutrinos ν¯e, and a species regrouping the 4 heavy lepton
neutrinos νx = (νµ, ν¯µ, ντ , ν¯τ ), which have similar emissivi-
ties and opacities at the temperatures observed in our simula-
tions.
The main objective of this study is to assess the impact of
our new scheme for the evaluation of the neutrino energies on
the main observable of a NSNS merger. Accordingly, we use
a numerical setup as close as possible as the one from Paper
I. In Paper I, we performed a lower resolution simulation in
order to assess the accuracy of our results. We found that the
properties of the post-merger remnant (composition, temper-
ature, accretion disk profile) and the composition and entropy
of the ejecta were captured by our simulations with less than
10% relative errors, most likely making numerical errors in
those quantities less important than the impact of missing or
inaccurate physics (e.g. exact nuclear equation of state, mag-
netic fields, neutrino energy spectrum, M1 closure). However,
the mass of cold material ejected in the equatorial plane by the
tidal disruption of the neutron stars is not accurately captured
by our simulations, due to the very small amount of material
ejected through that mechanism in equal mass NSNS mergers.
The same caveat naturally applies to the simulation presented
in this work.
We note that, not surprisingly, the overall dynamics of the
system is unaffected by the treatment of the neutrinos. This
was already the case when moving from a leakage scheme
to the M1 transport scheme, as seen in Paper I, and remains
true here. The main features of the merger and post-merger
remnant are worth summarizing in order to put into context
our discussion of the neutrino radiation and matter outflows.
A more detailed analysis, as well as comparisons to mergers
with different equations of state, is provided in Paper I. At the
time of merger, shown on Fig. 1, the contact region between
the two neutron stars is rapidly heated, while strong tidal arms
form in the region of each neutron star antipodal to the contact
region. These tidal arms contain a small amount of unbound
material (the exact mass is unresolved in our simulations, but
less than 10−3M), and a larger amount of bound material.
Within a few milliseconds, the two neutron star cores merge
into a distorted massive remnant, with strong excitation of the
fundamental quadrupolar mode of the remnant neutron star.
4FIG. 3. Energy density and normalized flux (αF i/E − βi, i.e.
the effective transport velocity of the neutrino energy density) of
electron antineutrinos ν¯e in the high-density regions of the remnant
(ρ >∼ 1011 g/cm3), shown 5 ms after merger. Most of the neutrino
emission comes from the hot core and shocked tidal arms. In the
inner disk, ν¯e are trapped and advected with the fluid. In the outer
disk, they are free-streaming away from the remnant.
This mode causes the emission of large amplitude gravita-
tional waves, which if measured can provide tight measure-
ments of the neutron star equation of state [69–71]. Around
the same time, the bound matter in the tidal arms forms a
thick, dense accretion disk. The post-merger remnant and ac-
cretion disk at the end of the simulation, 10 ms after merger,
are shown on Fig. 2. Within the disk, strong l = 2 perturba-
tions are driven by the excited massive neutron star. These
two spiral arms are hotter than the rest of the disk, with
Tspiral ∼ 9 MeV and Tdisk ∼ 5 MeV. The spiral arms also
show sharp density jumps, with the density inside the arms
being about three times the density outside the arms. The mas-
sive remnant, which was heated at the time of merger, is even
hotter with Tcore ∼ (15 − 20) MeV. The spiral arms and hot
neutron star are the main sources of neutrinos, as discussed in
Sec. III. Over the 10 ms of post-merger evolution performed
here, more material is ejected from the outer disk in the equa-
torial plane, while neutrino absorption drives a wind in the
polar regions. These outflows are discussed in Sec. IV. The
measured properties of the emitted neutrinos and of the un-
bound matter are the main observables which change with our
treatment of the neutrinos, and are the focus of this work.
III. NEUTRINO RADIATION
A. General properties
Many of the qualitative properties of the neutrino radiation
are independent of our chosen approximation for the neutrino
energy spectrum. In all approximations, the main emission
regions are the hot, dense parts of the remnant: the central
core, and the shocked tidal arms. The energy density of ν¯e,
for example, is shown on Fig. 3 towards the middle of our
post-merger evolution (5 ms after merger). Electron antineu-
trinos are trapped and advected with the flow in regions in-
side the shocked tidal arms. Free-streaming neutrinos in the
outer disk are mostly produced in those arms, while neutri-
nos in the polar regions come from both the core and the tidal
arms. Figs. 4-6 show the neutrino flux density as a function
of its angle with respect to the equatorial plane 1 ms, 5 ms,
and 10 ms after merger. From these figures, we can clearly
see that most of the neutrinos are initially emitted in the polar
directions. Once a disk forms, the neutrinos are mostly con-
fined within a cone of 40◦ around the poles, with an amplitude
peak 30◦ − 40◦ from the poles becoming more visible at later
times. This peak is probably due to neutrinos beamed from
the shocked tidal arms, which become less optically thick as
time passes. The confinement of the neutrinos to the polar
directions comes from the fact that neutrinos escape through
the low-density regions above and below the disk and are con-
fined by the optically thick accretion disk. The exact angular
distribution may however be affected by known issues with
the M1 closure when radiation converges from different di-
rections, and should be taken with some caution.
The general properties of the neutrino radiation for νe and
νx is similar to what is observed for ν¯e. The fluid is gener-
ally more opaque to νe than ν¯e, as the disk is very neutron
rich. The emission of νe in the equatorial plane is strongly
suppressed, largely due to the fact that the shocked tidal arms
are hidden behind material optically thick to νe. The polar
luminosity is also about a factor of 2 lower than for ν¯e. The
heavy lepton neutrinos νx, on the other hand, are nearly free-
streaming as soon as they leave the dense core of the remnant.
Most νx are emitted from that dense core, and thermally de-
couple from the matter in hotter regions than the νe and ν¯e (see
also Fig. 11). As for ν¯e, Figs. 5-6 show that after disk forma-
tion most of the νe and νx emission is confined to a cone of
about 40◦ in the polar regions. Although beamed emission at
a 30◦ angle from the poles still appears to be present, it is not
as prominent as for ν¯e. This is in keeping with the expectation
that a larger fraction of the emitted νe and νx neutrinos come
from the dense core.
So far, these results are very similar to what we already ob-
served in [45], or even qualitatively comparable to the emis-
sion regions predicted by simpler leakage schemes [39, 45].
The dynamics of the merger remnant and emission regions of
the neutrinos appear to be robust predictions of both leakage
and existing approximate transport simulations. Differences
begin to arise when considering the predicted average neu-
trino energies, which we discuss in the next section, and the
properties of the outflows, outlined in Sec. IV.
5FIG. 4. Energy flux of neutrinos leaving the computational domain as
a function of the angle Θ between the neutrino flux and the equatorial
plane (in degrees), 1 ms after merger. Results are binned so that each
bin represents the same surface area on the unit sphere. The energy
fluxes are in units in which G = c = M = 1.
FIG. 5. Same as Fig. 4, but 5 ms after merger.
We also observe that, with our local prescription for the
computation of the average neutrino energy, the luminosity of
νx is decreased by ∼ 30%− 40% compared to the simulation
using a global prescription presented in Paper I (see Fig. 7).
This is most likely due to a higher estimate of the average
neutrino energy (and thus higher opacity of the fluid to neu-
trinos) in this work, as discussed below. The luminosity of νe
and ν¯e is initially suppressed by ∼ 20%− 30%, for the same
reason. At later times, we will see that our current estimates
of the average neutrino energy for νe and ν¯e agree better with
the results of Paper I. Yet, at the end of the simulation, the ν¯e
luminosity is only ∼ 60% of its value in Paper I. The νe lu-
minosity, on the other hand, rises to ∼ 140% of its old value.
This is most likely due to a difference in the evolution of the
composition of the remnant, related to a better treatment of
FIG. 6. Same as Fig. 4, but 10 ms after merger.
FIG. 7. Neutrino luminosity, measured as the total energy of neutri-
nos leaving the computational domain, for the 3 species of neutrinos.
Solid lines show the results with the spatially varying average neu-
trino energy presented here, while the dashed lines show results with
a single global neutrino temperature in optically thin regions, from
Paper I. Emission of ν¯e and νx is significantly decreased when using
a local estimate of the average neutrino energy. We note that here and
in subsequent figures, global neutrino quantities are discontinuous at
t ∼ 2 ms. This is due to the addition of a lower level of refinement
as the matter expand, which leads us to compute the flux of neutrinos
out of the grid on a surface farther from the remnant. Neutrinos take
a finite time to propagate from the old measurement surface to the
new measurement surface.
the neutrino number density and, consequently, of the conser-
vation of the total lepton number.
There are a few important effects modifying the evolution
of the fluid composition with respect to Paper I. The first is
simply the change in our estimate of the neutrino average en-
ergies. As we will see in the next section, polar regions see
higher neutrino energies when the spatial dependence of the
6FIG. 8. Electron fraction of the post-merger remnant 10 ms af-
ter merger. Left: Simulation from Paper I, using a global es-
timate of the neutrino average energy. Right: Simulation using
a local estimate of the neutrino average energy and evolving the
neutrino number density. Dashed lines show density contours of
ρ = 1011, 1012, 1013 g/cm3. The latter simulation evolved towards
higher electron fractions everywhere but in the core of the post-
merger remnant. This is a generic feature in our simulations from
∼ 5 ms after the merger, with the two simulations slowly diverging
over time. The different density profiles are largely due to minor
variations in the phase of the excited mode of the neutron star rem-
nant.
neutrinos is taken into account, and will thus absorb neutri-
nos more rapidly. The second comes from the fact that our
new transport scheme considers different spectral shapes for
the neutrino energy density and the neutrino flux density, tak-
ing into account the faster diffusion of low-energy neutrinos
(see Appendix). The diffusion of the neutrino number density
is better modeled in our new scheme, and the composition of
optically thick regions will evolve faster than in Paper I. Fi-
nally, the simulation presented here consistently evolves the
neutrino number density on the grid. Conservation of the total
lepton number is thus guaranteed. The resulting difference in
the evolution of the electron fraction of the fluid is shown on
Fig. 8. Except in the core of the post-merger remnant, the fluid
evolves towards a higher electron fraction when evolving the
neutrino number density. This will naturally lead to a relative
decrease in ν¯e emission and an increase in νe emission.
The inconsistency in the treatment of the total lepton num-
ber in the simulation from Paper I also leads to unreliable pre-
dictions for the number flux of neutrinos leaving the compu-
tational domain, as we show in Fig. 9. In theory, we expect
that the change in the total number of protons on the numeri-
cal grid satisfies dNp/dt ∼ −(Rνe−Rν¯e), as both the change
in the total number of νe and ν¯e on the numerical grid and the
change in Np due to mass outflows are small. We see that Pa-
per I predicted a larger rate of increase of the lepton number
within the grid than our simulation evolving the neutrino num-
ber density (which exactly conserves the total lepton number).
During the last 5 ms of evolution, the change in proton number
measured on the numerical grid in the simulation evolving the
neutrino number density is dNp/dt ∼ 2.1×1057s−1, which is
roughly consistent with Fig. 9. In Paper I, the change in proton
number on the grid was dNp/dt ∼ 5.8×1056s−1, or ony 10%
of the value estimated in Fig. 9. This leads to a lower Ye in the
simulation from Paper I (Fig. 8), despite the neutrino fluxes
FIG. 9. Difference between the number flux of νe and ν¯e measured
when evolving the neutrino number density (solid line). We also
show the same quantity, but obtained from the neutrino luminosity
and estimated neutrino energy used in Paper I (dashed line).
FIG. 10. Average energy of the neutrinos leaving the computational
domain as a function of time for the 3 species of neutrinos. Solid
lines show the results with the spatially varying average neutrino en-
ergy, while the dashed lines show estimates from the leakage scheme
when using a single global neutrino temperature in optically thin re-
gions, from Paper I.
indicating stronger emission of electron antineutrinos in that
simulation (Fig. 9). Due to this effect, the compositions of the
post-merger remnants in the two simulations slowly diverge,
starting ∼ 5 ms after merger. The improvement in the conser-
vation of the total lepton number is one of the main advantage
of our new transport scheme.
B. Estimated average neutrino energies
An important difference between this work and Paper I is
the computation of the average neutrino energy. We changed
7our estimate for the average neutrino energy from a global
estimate based on the predictions of the leakage scheme to
a local estimate based on the evolution of the neutrino num-
ber density. Not surprisingly, this leads to different estimates
for the average neutrino energy 〈ν〉 of each neutrino species,
shown in Fig. 10. We see that the local scheme predicts signif-
icantly higher average neutrino energies during the merger for
all species of neutrinos. After the formation of a massive disk
around the neutron star remnant, the predictions of the leak-
age scheme agree well with our results evolving the neutrino
number density for νe and ν¯e. The heavy lepton neutrinos,
however, remain significantly hotter when using the local av-
erage energy estimate.
At the time of merger, most of the neutrino emission comes
from hot material shocked by the collision of the two neutron
stars. That material is moving at a significant fraction of the
speed of light, and away from the contact region. This results
in the observed preferential emission of the neutrino emission
along the poles (see Fig. 4). For an inertial observer in the
direction of motion of the emitting fluid (or, if the fluid is op-
tically thick, of the neutrinosphere), we also expect a Doppler
shift between the observed neutrino energy 〈ν〉 and the neu-
trino energy in the emitting fluid element’s frame 〈νf 〉
〈ν〉 =
√
1 + v/c
1− v/c 〈νf 〉. (1)
The largest shift observed for the heavy lepton neutrinos (see
e.g. Fig. 10) can easily be explained if the neutrinos are emit-
ted by fluid elements moving at ∼ 0.4c.
As the accretion disk around the massive neutron star set-
tles down, the velocity Doppler shift begins to play a less im-
portant role. Neutrinos coming from the shocked tidal arms,
which are moving at v ∼ 0.3c, may still be beamed. But the
larger fraction of neutrinos coming from the core and emitted
along the polar regions only appear to be subject to a signif-
icant Doppler shift at the high densities at which the heavy-
lepton neutrinos decouple from the fluid.
The leakage and M1 schemes are also likely to have differ-
ent estimates for the the temperature of the region in which
the neutrinos thermally decouple from the fluid, particularly
for the heavy-lepton neutrinos which thermally decouple long
before the surface of last scattering (their absorption optical
depth is about 3 orders of magnitude smaller than their scat-
tering optical depth). For νe and ν¯e, spatial variations in the
temperature of the neutrinosphere as well as inaccuracies in
the approximate leakage scheme can also result in an error
in the determination of the temperature of the neutrinosphere,
even though the absorption and scattering neutrinosphere are
very close to each other. This error in the temperature of the
neutrinosphere can have two important consequences. The
first is a change in the predicted average neutrino energies.
The second is an inconsistency in the computation of the neu-
trino opacities in the scheme used in Paper I.
If, as observed here, the leakage scheme underestimates the
neutrino temperature, then the transport scheme used in Paper
I will underestimate the opacity of the fluid to neutrinos in a
region immediately outside of the absorption neutrinosphere.
FIG. 11. Linear profile of the temperature 10 ms after merger,
along the vertical axis passing through the center of the neutron
star. Vertical lines show the location of the absorption (leftmost
line) and scattering (rightmost line) neutrinospheres for νx (green
dashed lines), νa = ν¯e (red dot-dashed lines), and νe (blue dot-
ted line, with both surfaces being undistinguishable). We note that
in Paper I, we assumed that the neutrinos decoupled from the fluid
at T ∼ (4, 5, 7) MeV for (νe, ν¯e.νx), because neutrino tempera-
ture were computed from a global average of the neutrino energies.
This is very far from the local value of the absorption neutrinosphere
temperature obtained in this paper. For the heavy-lepton neutrinos,
we also note a significant difference between the location of the ab-
sorption neutrinosphere and the scattering neutrinosphere, which is a
regime in which the grey moment scheme is potentially problematic
(see Appendix).
Close to the neutrinosphere, the temperature of the fluid de-
creases with density and the transport scheme from Paper I
assumes that neutrinos thermalize with the fluid as long as the
temperature of the fluid is higher than the neutrino tempera-
ture predicted by the leakage scheme. In Paper I, neutrinos are
thus assumed to be thermalized in regions in which the trans-
port scheme would predict that they are already thermally de-
coupled from the fluid, and hotter than the fluid. This leads
to the following systematic errors in the scheme used in Pa-
per I: (1) underestimating the predicted opacity of the fluid;
(2) overestimating the neutrino luminosity, due to the smaller
optical depth of the fluid; and (3) overestimating the neutrino
number flux, due to the overestimated luminosity and under-
estimated energy.
To illustrate this point, we show on Fig. 11 a linear profile
of the fluid temperature at the end of our simulation, along
the vertical axis passing through the center of the neutron star
(i.e. in a direction in which we have a rapid transition between
the high-density neutron star core and a low-density neutrino-
driven wind). We also show the location of the absorption
and scattering neutrinospheres, estimated from direct integra-
tion of the opacities along that vertical axis. We note that
with the method used in Paper I, we would have assumed that
the neutrinos thermally decouple from the fluid at tempera-
ture T ∼ (4, 5, 7) MeV for (νe, ν¯e.νx). We see that along
8FIG. 12. Average energy of the neutrinos leaving the computational
domain as a function of the angle Θ between the neutrino flux and the
equatorial plane (in degrees), 1 ms after merger. Results are binned
so that each bin represents the same surface area on the unit sphere.
Solid horizontal lines show the prediction from the leakage scheme.
this vertical axis, the temperature of the absorption neutri-
nosphere was widely underestimated in Paper I. Fig. 11 also
shows that, in the least favorable direction in which sharp den-
sity and temperature gradients are present (see e.g. Fig. 8 for
the density gradient), significant errors in the determination of
the neutrino energies are likely: the fluid temperature varies
by ∼ 5% − 15% over a single grid spacing (∼ 300 m), and
similar errors in the neutrino energies should be expected.
The error in the estimated temperature of the absorption
neutrinosphere explains the higher neutrino luminosities ob-
served in Paper I for all neutrinos at early times, and for
heavy-lepton neutrinos at all times. The late time decrease in
ν¯e emission and increase in νe emission cannot, on the other
hand, be attributed to differences in the estimated neutrino
temperature. In the previous section, we showed that they are
instead due to differences in the composition of the fluid.
We can glean more information about the average neutrino
energies by looking at the angular dependence of the esti-
mate 〈ν〉, shown in Figs. 12-14 at 1 ms, 5 ms, and 10 ms after
merger. Around merger, the general trend is for polar neutri-
nos to be of higher energy than equatorial neutrinos. There
are, however, significant variations on top of that general
trend, as most of the emission comes from localized hot spots.
The results are much clearer after disk formation. 5 ms after
merger, the equatorial neutrinos are coming from the shocked
tidal arms in the disk. As the disk material is mostly moving
in the azimuthal direction, this results in a large peak in the
average neutrino energy in the equatorial direction Θ = 0.
This feature is less visible at the end of the simulation (10 ms
after merger), when the optical depth of the disk decreases and
neutrinos emitted by fluid elements with a wider range of ve-
locities contribute to the equatorial emission. Additionally, as
the disk expands, the velocity of the emitting fluid in the hot
tidal arms decreases, which also contributes to a decrease in
FIG. 13. Same as Fig. 12, but 5 ms after merger.
FIG. 14. Same as Fig. 12, but 10 ms after merger.
the effect of relativistic beaming in the equatorial plane. At
all times, the core of the remnant is hotter than the disk, and
dominates the polar emission. Accordingly, the average neu-
trino energy increases in the 30◦ − 40◦ cone around the poles
in which most of the neutrinos are emitted.
The fact that this last effect is stronger for νe than for ν¯e
has some consequences for the absorption of neutrinos by the
polar disk winds. Indeed, the leakage scheme overestimates
the energy difference between the polar νe and ν¯e. With the
local estimate of the average neutrino energy, the absorption
of νe will increase, which is one of the factors contributing to
less neutron rich outflows (see Sec. IV).
Finally, we note that our method to evolve the neutrino
number density, and in particular the computation of the neu-
trino number flux, involves the use of an ad-hoc parameter β
(see Appendix), necessary to take into account the fact that
low-energy neutrinos diffuse more easily through the fluid
than high-energy neutrinos. To test the impact of that free pa-
rameter at a reasonable computational cost, we perform short
9evolutions on a static background (fixed metric and fluid den-
sity), corresponding to the final state of our simulation 10 ms
after merger. As in the post-bounce core-collapse test problem
presented in the Appendix, we find that varying β between the
unphysical extremes β → 0 and β → ∞ causes changes of
10% − 20% in the neutrino luminosity and of <∼ 1 MeV in
the average neutrino energies. Negligible differences are ob-
served over the more physically realistic range β = 4 − 8.
The only exception is the predicted average energy of the
heavy lepton neutrinos, which is heavily overestimated when
β → ∞ in both the test problem and the post-merger evolu-
tion (β →∞ is the limiting case in which the spectrum of the
neutrino flux and energy density are assumed to be the same).
This is most likely a consequence of the large difference be-
tween scattering and absorption opacities for νx. This is a
particularly unfavorable regime for a gray transport scheme,
and exactly the regime for which we found the introduction of
the free parameter β to be necessary.
Overall, it thus appears that in the binary neutron star
merger considered here, our improved estimate of the neutrino
average energy has a noticeable impact on: (1) the neutrino lu-
minosity, particularly by decreasing the luminosity of ν¯e and
νx by ∼ 30 − 40%; (2) the estimated average neutrino en-
ergy at early times for all neutrino species, and at all times for
νx, generally increasing those energy estimates; (3) the spa-
tial distribution of the average neutrino energy, which is now
approximately captured (within the limits of the M1 closure)
instead of being averaged over all optically thin regions; and
(4) the conservation of the total lepton number in the simula-
tion, which is exact with our new scheme. We can now study
how these changes affect an observationally important aspect
of the merger: the composition of the material ejected from
the system during and after merger.
IV. OUTFLOW PROPERTIES
Neutrino-matter interactions set the composition of the
fluid both in the post-merger remnant and in the material
ejected by the merger, which can strongly impact the observ-
able signatures of neutron star mergers. The fluid composition
in our simulations is described by the electron fraction
Ye =
np
np + nn
, (2)
with np and nn being the proton and neutron number den-
sities, respectively (the net electron number density ne− −
ne+ = np, due to charge neutrality in the fluid). Neutrino
absorption in low-density regions can also drive winds of un-
bound material above and below the remnant accretion disk.
Both of these effects are important to assess in order to esti-
mate the properties of the material ejected by the merger, and
in particular of the transients observable in the optical and/or
infrared bands as a consequence of rapid neutron capture (r-
process) nucleosynthesis in the ejecta [17, 40]. For the typical
entropy and velocity observed in neutron star mergers, in par-
ticular, nucleosynthesis in the ejecta can lead to two distinct
outcomes. For neutron rich material, the r-process leads to
FIG. 15. Outflow rate of unbound material across the outer boundary
of the computational domain for simulations using a local estimate
of the average neutrino energy (this work, solid lines) and a global
estimate from a leakage scheme (from Paper I, dashed lines). The
simulations have very similar outflow rates in both the polar (green
curve) and equatorial (blue curve) directions. The peak in the equa-
torial ejection of material at 5.5 ms is mostly an effect of the cubical
grid used in our simulations: the outflow rate is larger when the tidal
tail reaches the center of a face of the computational domain.
the formation of heavy, neutron rich nuclei whose radioac-
tive decay results in the production of stable elements with
mass number A >∼ 120. In that case, nucleosynthesis yields
are fairly independent of the initial conditions, and robustly
match observed solar system abundances for A >∼ 120 (strong
r-process) – but not for lower mass elements also generally
associated with r-process nucleosynthesis [21]. On the other
hand, if the ejecta is less neutron rich, rapid neutron capture
ends before the formation of heavy elements, and r-process
nucleosynthesis results instead in the formation of lower mass
elements (weak r-process). Accordingly, neutrino-matter in-
teractions driving up the electron fraction of the ejected ma-
terial can play a significant role in the relative production of
low and high mass r-process elements [22, 34, 72]. For the
material ejected in the mergers studied here, the threshold to
avoid the strong r-process is Ye ≈ 0.23 [41], with potentially
significant uncertainties due to both unknown nuclear physics
and the exact velocity and entropy of the ejecta.
A consequence of those different nucleosynthesis results is
a drastic change in the optical opacity of the ejecta once r-
process nucleosynthesis ends. Some heavy r-process nuclei
have a particularly high-opacity, which is expected to cause
radiation from a more neutron-rich ejecta to peak in the in-
frared on a timescale of a week [17, 40]. If these heavy nuclei
are not produced, however, the electromagnetic transient fol-
lowing the merger should peak in the optical on a timescale of
about a day.
In our simulations, we find that using an improved estimate
of the average neutrino energy has an important impact on
the predicted result of r-process nucleosynthesis in the ejecta.
There are two main components to the ejecta observed in our
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FIG. 16. Average electron fraction of the material leaving the compu-
tational domain for simulations using a local estimate of the average
neutrino energy (this work, solid lines) and a global estimate from a
leakage scheme (from Paper I, dashed lines). The polar ejecta (green
curve) is significantly less neutron rich when using the local esti-
mate of the neutrino energy. The shaded gray region approximately
covers the range of Ye over which we expect strong r-process nucle-
osynthesis in the ejected material. The equatorial ejecta (blue curve)
is neutron-rich in both simulations.
simulation: a cold, neutron rich equatorial ejecta coming from
the tidal disruption of the neutron stars, and a hot, polar ejecta
coming from shocks at the time of merger, and neutrino-driven
winds after merger. Fig. 15 shows the mass outflow for both
types of ejecta in simulations using a global estimate of the
average neutrino energy, and with our improved local scheme.
We see that the amount of mass ejected by the merger is fairly
similar in the two sets of simulations: at late times, mass loss
in the polar region is increased by ∼ 20% in the simulation
evolving the neutrino number density. This is to be contrasted
with simulations neglecting neutrino absorption, which do not
show sustained polar outflows after merger (see Paper I) 1,
unless one also takes into account magnetically-driven out-
flows [28].
The main effect of the corrected average neutrino energies
on the outflows can be observed on Fig. 16. The electron frac-
tion of the polar ejecta, which in previous simulations was
hovering right around the dividing line between weak and
strong r-process nucleosynthesis, is now clearly high enough
to prevent strong r-process nucleosynthesis. The increase in
the electron fraction of the polar ejecta can easily be under-
stood from the changes in the neutrino properties described
in the previous section. In particular, the higher energy of
the electron neutrinos in the polar regions, combined with the
lower number of electron antineutrinos, makes it much easier
1 We note that the impact of the choice of an M1 closure on the properties
of these neutrino-driven outflows is uncertain. The M1 scheme is known
to produce radiation shocks in the polar regions which may affect the re-
sults, but the exact impact of those shocks cannot be tested without using a
completely different transport scheme.
to convert neutrons to protons through preferential absorption
of electron neutrinos. We note that the change in electron frac-
tion appears to be the only important difference between the
outflows in both simulations. We have already seen that the
ejected mass is only modified by ∼ 20%. The specific en-
tropy of the polar wind changes even less, with an increase of
∼ 3% in the entropy of the outflows in the simulation evolving
the neutrino number density (in the polar outflows, s ∼ 30kB ,
with s the specific entropy per nucleon). This small difference
in the entropy of the outflows indicates that the increase in Ye
is due mostly to a change in the relative number of νe and ν¯e
absorptions in the outflows (or, equivalently, a change in the
value of Ye at which the outflows are in equilibrium with the
neutrino radiation), rather than to additional absorptions of νe
alone.
We note that the electron fraction of the polar outflows is
largely set by neutrino emission and absorption very close to
the compact neutron star core, where the temperature of the
fluid and the neutrino fluxes are the highest. In that region,
the value of Ye at which the fluid is in equilibrium with the
neutrinos is Y eqe ∼ 0.4 − 0.5. Farther from the core, elec-
tron antineutrinos emitted from the tidal arm contribute more
significantly to the equilibrium composition, driving it down
to Y eqe ∼ 0.25 − 0.35 (with the lower values being observed
at earlier times). This explains the gradient of Ye in the low-
density regions close to the compact remnant. In the equa-
torial regions, on the other hand, there is a large excess of
electron antineutrinos. There, the equilibrium composition is
Y eqe ∼ 0.1 − 0.2, with the lower values once more corre-
sponding to earlier times. This indicates that, as opposed to
what is observed in the polar regions, in the equatorial regions
neutrino absorption drives the fluid composition to values at
which strong r-process nucleosynthesis is still expected.
The electron fraction of the ejected material is also large
everywhere in the polar regions, not just on average. Fig. 17
shows the electron fraction in a vertical slice of the computa-
tional domain, 10 ms after merger. All of the polar ejecta is
at electron fractions Ye >∼ 0.25, which should be sufficient to
avoid strong r-process nucleosynthesis.
The fact that neutrino absorption in the polar regions can
increase the electron fraction of the ejecta has generally
been observed in all general relativistic simulations of post-
merger remnants using an approximate neutrino transport
scheme [34, 38, 45, 50]. Our results show that, in the gray
approximation, the way in which we estimate the average en-
ergy of the neutrinos can have important consequences for the
magnitude of that effect. For the configuration studied in this
work, evolving the neutrino number density to obtain a local
estimate of the neutrino average energy makes it clear that the
polar ejecta is initially prevented from undergoing strong r-
process nucleosynthesis. This is a prerequisite if we want to
observe an early, optical counterpart to the merger. Indeed,
this optical counterpart could be obscured by high-opacity
lanthanides at the lower electron fractions predicted by our
simulation using a single average energy in optically thin re-
gions for each species of neutrinos. We note that on the other
hand, in the equatorial regions, the ejection of neutron-rich
material is a robust feature of binary neutron star mergers. Op-
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FIG. 17. Vertical slice through the numerical simulation 10 ms after merger. The color gradient shows the electron fraction of the fluid. Dashed
white lines show isodensity contours ρ0 = 1010,11,12 g cm−3. Arrows show the transport velocity in the fluid. The solid black line shows the
boundary of the region in which the fluid is marked as unbound. All unbound material (i.e. fluid elements in the polar regions) has a high
electron fraction Ye > 0.25.
tical emission could thus be visible if the merger is observed
face-on, while only an infrared, longer lived emission can be
visible when observing the merger edge-on.
This difference between polar and equatorial ejecta, and the
lack of strong r-process in the former, is particularly important
if high-Ye magnetically-driven winds can be powered over a
much longer timescale in the post-merger remnant [28]. The
long-term evolution of post-merger accretion disks has not
provided us with definitive answers as to whether a strong r-
process robustly occurs in post-merger disk winds. Predicted
electron fractions remain sensitive to the initial conditions of
the post-merger evolution and the included microphysics, and
are generally close to the boundary between strong and weak
r-process nucleosynthesis [43, 44, 73–75].
V. CONCLUSIONS
We have presented a detailed study of a NSNS merger with
a general relativistic hydrodynamics code and two variations
of an approximate, gray neutrino transport scheme. We con-
sidered in particular the impact of the method used to approx-
imate the neutrino energy spectrum on the post-merger evolu-
tion of the system. In previous simulations (Paper I), we esti-
mated the average neutrino energy in all optically thin regions
using a single neutrino temperature for each neutrino species,
taken from the prediction of a simple leakage scheme [45, 50].
In this work, we instead evolved the neutrino number and en-
ergy density, and used those evolved variables to estimate a
spatially-varying average neutrino energy.
The new scheme has the advantages of exactly conserving
the total lepton number, taking into account spatial variations
in the neutrino energy, and being sensitive to the impact of
relativistic beaming on the average neutrino energies. It gen-
erally predicts higher neutrino energies, particularly immedi-
ately after merger and in the polar regions, and neutrino lumi-
nosities differing by <∼ 40%.
These differences do not appear to affect the dynamics of
the post-merger remnant, or to have a significant impact on its
temperature. However, they do have important consequences
for the evolution of the composition of the fluid. Material
unbound in the polar regions as a neutrino-driven wind ab-
sorbs fewer electron antineutrinos and more electron neutri-
nos when using local estimates of the average neutrino energy.
This robustly drives the electron fraction of the polar ejecta to
values Ye >∼ 0.25, with an increase of ∆Ye ∼ 0.05− 0.1 with
respect to results using a global estimate of the average neu-
trino energy. The low-density, bound regions of the remnant
also see an increase in their electron fraction.
Such a change in the average electron fraction of the polar
ejecta could have important consequences for the observable
electromagnetic counterpart of the merger due to r-process nu-
cleosynthesis in the ejecta. In the absence of neutron-rich
ejecta in the polar regions, the opacity of the ejecta along
the line of sight of an observer viewing the merger face-on
could be significantly reduced. This makes it possible to ob-
serve electromagnetic transients peaking in the optical when
the merger is observed face-on, particularly if high-Ye disk
winds continue to be ejected by the post-merger remnant over
timescales significantly longer than the duration of our simu-
lation [43, 44, 73–75].
Although we believe that the new methods presented here
provide a more accurate representation of the merger than our
previous results (Paper I), the strong dependence of the polar
12
electron fraction on the method used to estimate the average
neutrino energy may offer us a first view of the limits of cur-
rent gray neutrino transport schemes. After all, even our im-
proved estimate of the neutrino spectrum remains fairly rudi-
mentary. The difference between the composition of the ejecta
in the two neutrino transport schemes is only slightly smaller
than the difference observed in Paper I between a leakage
scheme ignoring neutrino absorption and the neutrino trans-
port schemes. It may thus be useful to obtain better predic-
tions for the neutrino energy spectrum in the polar regions.
We should also note that the moment formalism used here
to approximate the neutrino distribution function is notori-
ously problematic in regions in which radiation beams emit-
ted from different directions cross paths. This is obviously
the case in large parts of the polar regions, where most of the
neutrino-matter interactions that drive up the electron fraction
of the wind take place. Even if the neutrino-matter interac-
tions are reasonably well approximated by the current scheme
in a volume-averaged sense, the exact impact of the moment
formalism on the neutrino emission and properties of the out-
flows remain an important question for future studies of binary
neutron star mergers.
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Appendix A: Improved gray two-moment formalism for
neutrino transport
We now describe in more detail our improvements to the
two-moment scheme for neutrino transport used by the SpEC
code, and in particular the evolution within this scheme of
the neutrino number density. The number density provides
us with additional information about the average energy of
neutrinos at any given point.
We first define the moments of the neutrino distribution
function in Sec. A 1, then provide an overview of the evo-
lution equations for those moments in Sec. A 2 and of their
implementation in SpEC in Sec. A 3.
The M1 transport scheme presented in those sections has
a number of undefined variables, for which some reason-
able approximations have to be implemented in order to close
the system of equations. These include the average energy
of the neutrino flux, discussed in Sec. A 4, and the energy-
integrated source terms and energy-averaged opacities, dis-
cussed in Sec. A 5. While we attempt to make reasonable
choices for these variables, it should be acknowledged that
there is no truly correct way to define them within the mo-
ment formalism: in practice, knowledge of higher moments
of the distribution function of the neutrinos would be required
to properly compute them. The choices made here should thus
be seen as part of a partially motivated but nonetheless very
approximate closure. An energy-dependent scheme would be
necessary to get rid of these approximations.
1. Gray Moments
For each neutrino species νi, we can describe the neutri-
nos by their distribution function f(ν)(xα, pα), where xα =
(t, xi) gives the time and the position of the neutrinos, and pα
is the 4-momentum of the neutrinos. The distribution function
f(ν) evolves according to the Boltzmann equation
pα
[
∂f(ν)
∂xα
− Γβαγpγ
∂f(ν)
∂pβ
]
=
[
df(ν)
dτ
]
coll
, (A1)
where the Γαβγ are the Christoffel symbols and the right-hand
side includes all collisional processes (emissions, absorptions,
scatterings). In general, this is a 7-dimensional problem which
is extremely expensive to solve numerically. Approximations
to the Boltzmann equation have thus been developed for nu-
merical applications. In this work, we consider the moment
formalism developed by Thorne [52], in which only the low-
est moments of the distribution function in momentum space
are evolved.
We use this formalism in the “gray” approximation, that is
we only consider energy-integrated moments. Although the
moment formalism can in theory be used with a discretization
in neutrino energies, this makes the simulations significantly
more expensive and involves additional technical difficulties
in the treatment of the gravitational and velocity redshifts, par-
ticularly for applications such as compact binary mergers in
which we have both relativistic speeds and large gravitational
redshifts. We consider three independent neutrino species: the
electron neutrinos νe, the electron antineutrinos ν¯e, and the
heavy-lepton neutrinos νx. The latter is the combination of
4 species (νµ, ν¯µ, ντ , ν¯τ ). This merging is justified because
the temperatures and neutrino energies reached in our merger
calculations are low enough to suppress the formation of the
corresponding heavy leptons whose presence would require
including the charged current neutrino interactions that differ-
entiate between these individual species.
In the gray approximation, and considering only the first
two moments of the distribution function, we evolve for each
species projections of the stress-energy tensor of the neutrino
radiation Tµνrad. One possible decomposition of T
µν
rad is [53]
Tµνrad = Ju
µuν +Hµuν +Hνuµ + Sµν , (A2)
with Hµuµ = Sµνuµ = 0 and uµ the 4-velocity of the fluid.
The energy J , flux Hµ and stress tensor Sµν of the neutrino
radiation as observed by an observer comoving with the fluid
are related to the neutrino distribution function by
J =
∫ ∞
0
dν ν3
∫
dΩ f(ν)(x
α, ν,Ω) , (A3)
Hµ =
∫ ∞
0
dν ν3
∫
dΩ f(ν)(x
α, ν,Ω)lµ , (A4)
Sµν =
∫ ∞
0
dν ν3
∫
dΩ f(ν)(x
α, ν,Ω)lµlν , (A5)
where ν is the neutrino energy in the fluid frame,
∫
dΩ de-
notes integrals over solid angle on a unit sphere in momentum
space, and
pα = ν(uα + lα) , (A6)
with lαuα = 0 and lαlα = 1. We also consider the decom-
position of Tµνrad in terms of the energy, flux and stress tensor
observed by an inertial observer,
Tµνrad = En
µnν + Fµnν + F νnµ + Pµν , (A7)
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with Fµnµ = Pµνnµ = F t = P tν = 0, and nα the unit
normal to a t = constant slice. Additionally, we consider for
each species the number current density of neutrinos,
Nµ = Nnν + Fµ (A8)
with N the number density of neutrinos, and Fµ the number
flux density. In a previous implementation of the moment for-
malism as a gray scheme (Paper II [50]), we only evolved E
and Fi. Whenever information about the neutrino spectrum
was required, we then either assumed a black-body distribu-
tion function at the temperature of the fluid (in optically thick
regions), or used a global estimate of the average neutrino en-
ergy from an approximate leakage scheme (in optically thin
regions). To improve on this method, and obtain a local es-
timate of the average neutrino energy everywhere, we now
consider an algorithm in which for each neutrino species we
evolve the variables (N,E, Fi). This algorithm also has the
advantage of decoupling the transport scheme from the leak-
age scheme, and of consistently keeping track of the total lep-
ton number.
From the number current density, we define the average
neutrino energy in the fluid frame 〈ν〉 through the equation
Nµ =
Juµ +Hµ
〈ν〉 . (A9)
If we decompose the 4-velocity as
uµ = W (nµ + vµ) , (A10)
with vµnµ = 0 and W the Lorentz factor, we can get the
alternate expression
〈ν〉 = W E − Fiv
i
N
, (A11)
where we have used the identity
Tµνuµnν = JW −Hµnµ = EW − Fµuµ. (A12)
An important assumption in our algorithm is the choice of the
form of the neutrino distribution function f(ν). We generally
assume a blackbody spectrum. We then have
fBB(ν) =
1
1 + exp[(ν − µν)/Tν ] , (A13)
or, in terms of the energy density,
E(ν) ∝ ν
3
1 + exp[(ν − µν)/Tν ] , (A14)
with µν the chemical potential of neutrinos in equilibrium
with the fluid. Defining the Fermi integrals
Fk(ην) =
∫ ∞
0
xk
1 + exp (x− ην) dx, (A15)
we get the relationship between the neutrino temperature and
average energy for a black body spectrum
〈ν〉 = F3(ην)
F2(ην)
Tν , (A16)
with ην = µν/T . By evolving N , we can now hope to get
reasonable estimates of Tν everywhere, in a sense that will be
discussed in more detail below.
2. Evolution Equations
The evolution equations are very similar to those used in
our previous algorithm. We use the 3+1 decomposition of the
metric,
ds2 = gαβdx
αdxβ (A17)
= −α2dt2 + γij(dxi + βi)(dxj + βj) , (A18)
where α is the lapse, βi the shift, and γij the 3-metric on a
slice of constant coordinate t. The extension of γij to the full
4-dimensional space is the projection operator
γαβ = gαβ + nαnβ . (A19)
We similarly define a projection operator onto the reference
frame of an observer comoving with the fluid,
hαβ = gαβ + uαuβ . (A20)
We can then write equations relating the fluid-frame variables
to the inertial frame variables [76]:
E = W 2J + 2WvµH
µ + vµvνS
µν , (A21)
Fµ = W
2vµJ +W (gµν − nµvν)Hν
+WvµvνH
ν + (gµν − nµvν)vρSνρ , (A22)
Pµν = W
2vµvνJ +W (gµρ − nµvρ)vνHρ
+W (gρν − nρvν)vµHρ
+(gµρ − nµvρ)(gνκ − nνvκ)Sρκ . (A23)
Evolution equations for E˜ =
√
γE, F˜ =
√
γF i, and N˜ =√
γN can then be written in conservative form:
∂tE˜ + ∂j(αF˜
j − βjE˜) (A24)
= α(P˜ ijKij − F˜ j∂j lnα− S˜αnα) ,
∂tF˜i + ∂j(αP˜
j
i − βjF˜i) (A25)
= (−E˜∂iα+ F˜k∂iβk + α
2
P˜ jk∂iγjk + αS˜
αγiα) ,
∂tN˜ + ∂j(α
√
γF j − βjN˜) = α√γC(0) (A26)
where γ is the determinant of γij , and P˜ij =
√
γPij .
To close this system of equations, we need three addi-
tional ingredients: a prescription for the computation of
P ij(E,Fi) (‘closure relation’, which we choose following
Minerbo 1978 [77]), a prescription for the computation of the
number flux F i (specific to the evolution of the number den-
sity N in this paper and described in more detail in Sec. A 3),
and the collisional source terms (S˜α, C(0)). In the M1 for-
malism, the neutrino pressure tensor P ij is recovered as an
interpolation between its known limits for an optically thick
medium and an optically thin medium with a unique direction
of propagation for the neutrinos. Details on its computation
are available in Paper II. For the source terms, we will con-
sider that the fluid has an energy-integrated emissivity η¯ due
to the charged-current reactions
p+ e− → n+ νe , (A27)
n+ e+ → p+ ν¯e , (A28)
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as well as electron-positron pair annihilation
e+ + e− → νiν¯i , (A29)
plasmon decay
γ → νiν¯i , (A30)
and nucleon-nucleon Bremsstrahlung
N +N → N +N + νi + ν¯i . (A31)
The inverse reactions are responsible for an energy-averaged
absorption opacity κ¯a. We also consider an energy-averaged
scattering opacity κ¯s due to elastic scattering of neutrinos on
nucleons and heavy nuclei. The source terms S˜α are then
S˜α =
√
γ (η¯uα − κ¯aJuα − (κ¯a + κ¯s)Hα) . (A32)
We use the emissivities and opacities proposed by Ruffert et
al. [78] for all of the above reactions, except for nucleon-
nucleon Bremsstrahlung for which the emissivity is computed
following Burrows et al. [79]. The collisional source term for
the number density N˜ is given by
C(0) = η¯N − κ¯N J〈ν〉 = η¯N −
κ¯NJN˜
W (E˜ − F˜ivi)
, (A33)
with η¯N the energy-integrated number emission and κ¯N the
energy-averaged number absorption. Properly choosing the
relationship between the source terms (η¯N , κ¯N , η¯, κ¯A, κ¯S) are
important steps in obtaining reasonable estimates of the aver-
age neutrino energy, discussed in more detail in Sec. A 5.
3. Numerical scheme
We add the evolution of neutrinos with the moment scheme
to the SpEC code [65], which already includes a general rela-
tivistic hydrodynamics module [67]. The latest methods used
for evolving in SpEC the coupled system formed by Einstein’s
equation and the general relativistic equations of hydrody-
namics are described in [68], Appendix A. The basic steps
used to evolve the moments of the neutrino distribution func-
tions were outlined in Paper II. Here, we only focus on aspects
specific to the addition of the number density N˜ .
An advantage of evolving N˜ is that the change in the com-
position of the fluid can now be computed very simply. We
have
∂t(ρ∗Ye) = ... − sign(νi)α√γC(0) , (A34)
where ρ∗ is the conserved variable
ρ∗ = ρ0W
√
γ , (A35)
ρ0 is the baryon density of the fluid, Ye its electron fraction,
and sign(νi) is 1 for νe, −1 for ν¯e, and 0 for heavy-lepton
neutrinos. Evolving N˜ frees us from having to guess at the
average neutrino energy when computing the coupling to the
fluid. It also guarantees that the source term for the evolution
of the electron fraction of the fluid is fully consistent with the
evolution of the neutrino number density, thus conserving the
total lepton number of the system. When N˜ is not evolved, as
in Paper I and Paper II, the total lepton number is not consis-
tently evolved. The energy and momentum source terms are
not modified when evolving N˜ .
As we evolve N˜ , we now also have to compute the flux
FN = α
√
γF i − N˜βi at cell faces, and then take its diver-
gence. We do so by reconstructing a left state and right state
of the variables (E,F/E,N/E) at cell faces from their value
at cell centers, using shock-capturing reconstruction methods
(in this work, MC). When computing FN , we use the equality
F i = JWv
i
〈ν〉 +
γiµH
µ
〈νF 〉 (A36)
with the average neutrino energy 〈ν〉 computed from the re-
constructed fields, and a correction to the average energy
of the neutrino flux 〈νF 〉 can be included. We describe in
Sec. A 4 our choice of 〈νF 〉, made to take the effects of a finite
optical depth on the spectrum into account. We then combine
these left and right states into a single face value F¯N using the
HLL Riemann solver,
F¯N =
c+F¯N,L + c−F¯N,R − c+c−(N˜R − N˜L)
c+ + c−
, (A37)
where c+ and c− are the absolute values of the largest right-
and left-going characteristic speeds of the evolution system
(or zero if there is no left/right going characteristic speeds), as
given in Paper II. The suffix (R,L) denotes the left an right
state of the flux and number density.
As discussed in Paper II, in the optically thick limit these
fluxes do not properly reproduce the diffusion rate of the neu-
trinos through the fluid. To recover the proper diffusion rate,
we correct the energy density flux F¯E [80]
F¯E,corr = aF¯E + (1− a)F¯E,asym , (A38)
with
a = tanh
1
κ¯∆xd
, (A39)
κ¯i+1/2 =
√
(κ¯a + κ¯s)i(κ¯a + κ¯s)i+1 , (A40)
and where half-integer indices refer to values of the opacities
at cell faces while integer indices refer to value of the opac-
ities at cell centers. Here, d is the direction in which we are
reconstructing, ∆xd =
√
gdd(∆xdgrid)
2 is the proper distance
between two grid points along that direction, and ∆xdgrid is the
coordinate grid spacing along that direction. The asymptotic
flux in the fluid rest frame, which corresponds to the flux in
the diffusion limit, is [52]
Hasymα = −
1
3κ¯
∂αJthick , (A41)
with Jthick computed assuming the optically thick closure re-
lation Sµν = (J/3)hµν . For consistency, we apply the same
correction to the number density flux F¯N ,
F¯N,corr = aF¯N + (1− a)F¯N,asym , (A42)
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with FN,asym computed assuming J = Jthick, Hµ = Hµasym.
The numerical methods used to compute Hµasym are described
in detail in Paper II. We only note that we use an upwind com-
putation of ∂αJthick, and thus for consistency use the upwind
value of 〈νF 〉 (i.e. its value at the neighboring cell center)
when computing (Hµasym/〈νF 〉).
Finally, when evolving N˜ , we treat the absorption term in
C(0) implicitly, but all other terms explicitly. We note that as
N˜ does not appear in the evolution of E˜ or F˜i, we can use
operator splitting to first evolve (E˜,F˜i), and then evolve N˜
using the evolved values of (E˜,F˜i) in C(0).
4. Energy of the neutrino flux
In Sec. A 3, we left the average energy of the neutrino flux,
〈νF 〉, undetermined. The uncertainty in the determination of
〈νF 〉 is an important limitation of the gray scheme used in this
work. The choice of 〈νF 〉 is fairly unimportant in regions of
high absorption opacity, where the neutrinos remain in equi-
librium with the fluid, or in regions of low optical depth,
where 〈νF 〉 ≈ 〈ν〉. Regions of high scattering optical depth
but low absorption optical depth are however problematic. As
the opacities are steep functions of the neutrino energies, the
spectrum of the neutrino flux can be significantly biased to-
wards lower neutrino energies, with 〈νF 〉 < 〈ν〉. Ignoring
this effect can lead to significant overestimates of the neutrino
energies in systems in which the scattering neutrinosphere is
well outside of the absorption neutrinosphere, as well as un-
derestimates of the diffusion rate of the neutrino number den-
sity.
Within the gray scheme, we cannot self-consistently take
this effect into account. Instead, we rely on a simple
parametrized model to include the first order effect of a large
scattering region on 〈νF 〉. Given the ad-hoc nature of this
model, any dependence of the numerical results on the param-
eters of the model is a sign that an energy-dependent treatment
of the neutrinos may be necessary to obtain reliable results.
The starting point from our model is the fact that a black-
body spectrum of temperature Tν going through a screen of
high-opacity material with opacity proportional to ν2 (as it
the case for the dominant neutrino-matter opacities) sees its
average energy go from 〈νBB〉 = F3(ην)Tν/F2(ην) down to
〈νsc〉 = F1(ην)Tν/F0(ην). We then make the choice
〈νF 〉
〈ν〉 =
F3F0 − sF (F3F0 − F2F1)
F3F0 − sC(F3F0 − F2F1) , (A43)
where, for simplicity, we have dropped the argument of the
Fermi integrals. 0 < sC < 1 is a scalar representing the
fraction of neutrinos which have gone through a significant
optical depth since emission at a given point, and thus have
a softer energy spectrum. sC < sF < 1 is a scalar allowing
us to reduce the average energy of the neutrino flux in regions
where sC  1, which effectively represents the fraction of
neutrinos which have gone through a significant optical depth
in the neutrino flux. A simple choice for sC is
sC =
NsC0 + αFsF dt
N + αFdt+ η¯Nαdt (A44)
with sC0 the value of s
C at the beginning of the time step andF
an estimate of the number flux of neutrinos at the given point.
The general idea behind this choice is to drive sC towards 0
in optically thick regions, under the assumption that neutrinos
in those regions are in equilibrium with the fluid and follow
a black body distribution function, and to drive sC towards
sF in optically thin regions, where the neutrino spectrum is
given by the spectrum of inflowing neutrinos. The ratio of
inflowing neutrinosF to locally emitted neutrinos η¯N appears
to be a logical parameter to perform the transition between
those two extremes (although this is clearly an approximation
made because of our lack of knowledge of the exact energy
spectrum of the neutrinos). For sF , we make the choice
sF =
sC + τ
1 + τ
(A45)
with the optical depth τ approximated as
ξ =
1
1 + βτ
, (A46)
ξ = (H/J) the closure parameter, which we already compute
to determine the neutrino pressure tensor P ij , and β an arbi-
trary free parameter of the model. With this choice, sF → 1 in
optically thick regions, and sF → sC in optically thin regions,
as desired. Keeping track of sC is necessary to avoid continu-
ally decreasing the average energy of neutrinos going through
a large region of strong scattering: at most, the average energy
of a packet of neutrino emitted at temperature Tν in an opti-
cally thick regions will drop from 〈νBB〉 to 〈νsc〉. The model
thus reproduces some important effects of scattering regions
on the average neutrino energy.
The extreme choices β → 0 and β → ∞ correspond re-
spectively to the simple choices sF = 1 and sF = sC every-
where, but neither of those choices can capture the effect of
scattering regions on 〈ν〉. Inspection of numerical solutions
of NS-NS mergers, BH-NS mergers, and core-collapse super-
novae using a leakage scheme in which τ is explicitly com-
puted indicates that ξ ∼ 0.2 on the neutrinosphere τ ∼ 2/3,
leading us to the choice β = 6, but the choices β ∼ 4 − 8
could be equally well justified. We note that even the sim-
ple choice β → ∞ (sF = sC and 〈ν〉 = 〈νF 〉) can lead to
significant differences with the leakage-based scheme for the
computation of the neutrino average energy used in Paper I
and Paper II. The new scheme explicitly conserves the total
lepton number, provides a different estimate for the neutrino
temperature than the leakage scheme, and accounts for veloc-
ity and gravitational redshifts and relativistic beaming. Yet,
the choice β → ∞ leads to very inaccurate estimates of the
average neutrino energies in the presence of a large scattering
region, as shown in Sec. A 6.
To close the model, we now only need the approximate flux
F , for which we choose
F = ξN
(
F3F0 − sF0 (F3F0 − F2F1)
F2F0
)2
. (A47)
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The first part of this equation, ξN , simply accounts for the
ratio between the energy density and the energy flux in the
fluid frame. The last part is a purely ad-hoc correction for the
fact thatF/N > H/J in high opacity regions. The coefficient
sF0 is the value of s
F at the beginning of the time step (to avoid
making A47 an implicit equation).
The complete scheme to compute 〈νF 〉 is thus to first get
the approximate optical depth τ from ξ and β, and the ap-
proximate flux F from A47. Equations A44 and A45 can
then be combined into a simple linear equation for sC . We
then compute sF from A45 and finally 〈νF 〉 from A43. At
the first time step, we set sC = 0 everywhere, and sC very
rapidly evolve to its equilibrium value. We emphasize once
more that the whole scheme is devise to provide some reason-
able estimate of 〈νF 〉 capturing the effect of a large scattering
region. While it improves on more primitive estimates for
〈νF 〉 (see Sec. A 6), it is in no way a replacement for a true
energy-dependent scheme.
5. Source Terms
The last missing component to allow us to evolve the mo-
ment of the neutrino distribution functions are the energy-
integrated emissivities (η¯, η¯N ) and energy-averaged opaci-
ties (κ¯A, κ¯S , κ¯N ). Both play an important role in our up-
dated scheme. In particular, the relation between the energy
and number emissivities/absorptions will determine our esti-
mate of the average neutrino energy. We first compute the
energy-averaged absorption κ¯eqA of charge-current processes,
the energy-integrated emissivity η¯eq of thermal processes, and
the energy-averaged scattering opacities κ¯eqS for neutrinos in
equilibrium with the fluid. We use the emissivities and opaci-
ties proposed by Ruffert et al. [78] for all reactions, except for
nucleon-nucleon Bremsstrahlung for which the emissivity is
computed following Burrows et al. [79]. We can then compute
the equilibrium absorption opacities of charged current reac-
tions and emissivities of thermal processes using Kirchoff’s
law
η¯eq = κ¯eq
∫
B(ν)(T, µν)dν, (A48)
whereB(ν) is the blackbody spectrum at the fluid temperature
T for an equilibrium neutrino potential µν . Making use of
the fact that the processes computed here have cross-sections
scaling as T 2ν , we then make the choices
η¯ = η¯eq , (A49)
κ¯A = κ¯
eq
A
T 2ν
T 2
, (A50)
κ¯S = κ¯
eq
S
T 2ν
T 2
, (A51)
where T 2ν is computed from the neutrino energy and number
density, assuming a blackbody spectrum. We can also choose
the number absorption opacities so that the neutrinos are ther-
malized when the optical depth to absorption is large (or, more
TABLE I. Neutrino luminosity (in units of 1051erg/s) and energy-
weighted neutrino energy 〈〉 (in MeV) in one octant of the post-
bounce supernova profile test, 8 ms after the beginning of the evo-
lution. We show results for the energy-dependent M1 scheme (with
12 energy groups) ”Spectral M1”, for our current gray M1 scheme
with various choices of the parameter β (smaller values of β imply a
larger difference between the average neutrino energy in the flux den-
sity and energy density in high opacity regions), and for the leakage
scheme of [48].
Scheme Lνe Lν¯e Lνx 〈νe〉 〈ν¯e〉 〈νx〉
Spectral M1 3.7 3.6 11.7 12.1 15.7 25.3
M1 β ∼ 0 3.7 3.3 11.2 11.3 13.5 26.0
M1 β = 4 3.6 3.1 11.1 12.3 14.4 26.4
M1 β = 6 3.6 3.1 11.0 12.5 14.6 26.6
M1 β = 8 3.5 3.1 11.0 12.7 14.8 26.7
M1 β ∼ ∞ 3.2 3.1 7.4 13.5 15.8 34.9
Leakage 13.6 5.3 9.0 11.7 14.9 22.2
precisely, as long as
√
κ¯Aκ¯S  1). We simply need to set
κ¯N = κ¯A
η¯N
η¯
F3(ην)T
F2(ην)
, (A52)
so that Tν = T when E = η¯/κ¯a, N = η¯N/κ¯N . From Ruffert
et al. [78] and Burrows et al. [79], we also know the equilib-
rium number emission η¯eqN , which we use to choose the last
free source term η¯N = η¯
eq
N .
6. Test Problem: Spherically Symmetric Post-Bounce
Supernova Profile
The evolution of the number density itself is a fairly sim-
ple process to take into account. The complexities introduced
by uncertainties in the neutrino spectrum and the impact of
the choices made in the previous sections on the observed
neutrino radiation, however, make it difficult to estimate how
well our scheme will perform in practice. To assess this, we
consider a test problem for neutrino transport previously used
in [50, 81]. We evolve the moments of the neutrino distri-
bution function, fluid temperature and fluid composition for
a 1D profile constructed as a spherical average of a 2D core-
collapse simulation 160 ms after bounce [82]. The velocity of
the fluid is set to zero, and the density profile is assumed to be
constant. This test has regions with large scattering opacities
and low absorption opacities for the heavy-lepton neutrinos,
and an absorption neutrinosphere close to the scattering neu-
trinosphere for the electron neutrinos. The electron antineu-
trinos lie in between those two extremes. The test thus probe
the most problematic aspects of our algorithm: the evolution
of the neutrino average energy in the region in which neutri-
nos decouple from the fluid. Due to the lack of velocity and
gravitational redshift, we can easily use an energy-dependent
neutrino transport scheme in this problem, giving us a reliable
frame of reference to which we can compare our results.
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Table I summarizes our results, listing the neutrino lumi-
nosity and average energy 8 ms into the simulation. All sim-
ulations evolve the post-bounce profile in octant symmetry,
with a low-resolution 503 grid covering a cube of length
300 km. We consider an energy-dependent M1 scheme, a
leakage scheme, and gray M1 evolutions with various choices
of the parameter β. As shown in Sec. A 4, β determines how
strongly we correct the average energy to account for the fact
that low-energy neutrinos diffuse more easily through high
opacity material than high-energy neutrinos. We argued in
Sec. A 4 that reasonable values for that parameter should be
β ≈ 4 − 8. In this test, we find good agreement with the
energy-dependent transport scheme for β = 4 − 8. The error
in the neutrino luminosity remains below 15%, and the error
in the neutrino average energy remains well below 10%.
This is not the case for β → ∞ (practically, we use
β = 106 for that simulation). In that case, the average en-
ergy of the heavy-lepton neutrinos is widely overestimated,
by nearly 40%. Consequently, the heavy lepton neutrinos are
more strongly absorbed by the fluid and the neutrino lumi-
nosity drops by about 40%. This is consistent with what we
would expect in a situation in which the absorption neutri-
nosphere is deeper into the fluid than the scattering neutri-
nosphere. Without the correction to the neutrino spectrum im-
posed by β = 4 − 8, the neutrino spectrum is approximated
as a blackbody spectrum at the temperature of the absorption
neutrinosphere. This completely ignores the softening of the
spectrum due to the much lower diffusion rates of the high-
energy neutrinos. More importantly, Table I shows that the
results are otherwise very insensitive to the choice of β. This
is highly desirable, as the exact choice of β is fairly arbitrary.
Although better than β = 106, the choice β = 10−6 leads to
larger errors for νe and ν¯e than the favored choices β = 4−8.
Finally, we note that while the leakage scheme provides good
energy estimates for νe and ν¯e, it otherwise performs much
worse than the M1 schemes. In particular, the νe luminosity
is off by a factor of 3.7.
Another observable in this test is the composition and tem-
perature evolution of the fluid due to neutrino absorption in
low-density regions. Not surprisingly, we find results similar
to those for the luminosity and neutrino energy. For β = 4−8,
the gray M1 scheme is in good agreement with the energy-
dependent scheme. The choice β = 106 causes excessive
neutrino absorption in low-density regions, while the choice
β = 10−6 underestimate composition changes in the same
regions. Overall, this test gives us some confidence that the
approximate method chosen here to estimate neutrino ener-
gies can provide reasonable results, and that varying the free
parameter β in the range [0− 8] can provide a rough estimate
of the uncertainty in the results. Although not by any means
a replacement for a truly energy-dependent scheme, this ap-
proximate method can hopefully provide us with better results
than the leakage scheme, or the previous iteration of our gray
M1 scheme in which a single average neutrino energy was
used everywhere in low opacity regions (see Paper II).
